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SUMMARY: RESULTS AND FORMULAS

1k List of results
1k1 Plancherel’s theorem

There exists a bounded linear operator (called Fourier transform) F : Ly(R) —
Ly(R) such that

1 +00 . v
Ffil— \/—2_7;/_00 e f(s)ds forall f € Li(R) N Ly(R).

The operator F is isometric, which means the following.
Plancherel’s formula:

IFF = Ilfl| for all f e Ly(R).
Parseval’s formula:
(Ff,Fg)=(f.g) forall f,g € Ly(R).

1k2 Inversion formula

The isometric operator F is unitary, which means that 7 (Ls(R)) = Ly(R).
The inverse operator 7! is given by

Fl=FJl=JF
where J is defined by Jf : ¢ f(—2).
1k3 Diagonalization of shifts

FU(QF'=V(a) forallaeR,
where operators U(a), V(a) : Lo(R) — Ly(R) are defined by

U@f :te f(t+a), V(a)f:tr e f(z).
1k4 Diagonalization of the Fourier transform

There exists an orthonormal basis (eg, €1, e, ...) of Lo(R) such that

Fep = (—i)fe, fork=0,1,2,...
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Namely,
2k:/2 dk
e = 7]»_:'-@ 2:010(2) )
where 1) : C — Ly(R) is defined by
2 2
. ~1/4 _7 _Z
Y(z):g—7 exp( 2+zq 4).

1k5 Some complete systems in Ly(R)

The vectors e; mentioned above are a complete system in the sense that their
linear combinations are dense in Ly(R). Also functions

g = exp(—(g — z)?)

for all z € R are a complete system.

1k6 Fourier transform and convolution
F(fxg)=@m)/*(F[)- (Fg) forall [ € Ly(R), g € Ly(R) N Ly(R) ;

here

f*g!tH/f(t—s)g(s)ds.

1k7 Operators commuting with shifts

A bounded linear operator on Ly(R) commutes with all U(a) if and only if
it is of the form
foF e Ff)

for some ¢ € Lo (R).

11 List of formulas
z,y €R; 21,2 € C; g, wp : C— H;

(1) (ho(2) Yo(e2)) = exp (52172)
= (@) _ ol oy
W D) e = P
(113) (wo{z1), wo(z2)) = exp (—~ %{zl — 2|+ —%Im (zﬁg)) ;

(114) (wo(), wo(y)) = e = ¥/4 = (wq(ix), wo(iy)) ;
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Uo, Vo : R — Unitary(H);

(115) Us(a)wo(z) = wo(z ~ a);
(116) Vo(D)wo(iy) = wo(i(y +0)) ;

1, wy 1 C — Ly(R);

. -1/4 4 -z
(117) (z):iqg—n exp( 5 + zq 4),
2 2 2
IR S}
(119) wi(z) 1 g —= 7 exp ("- %(q - 5‘7)2) 5
e
(1110) wi(iy) : g 7 Y exp (-" 5t in) ;
Ui, Vi : R — Unitary(Ls(R)), a,b € R;
(1111) Ui(a)f g~ flg+a);
(1112) i)/ : ¢ = €/ (q);
F € Unitary(La(R));
(1113) Fip(z) = i(—iz);
(1114) FU(a)F = Vi(a);
(1115) Fr=FI=JF, Jf:qam f(-q);

+co
(1116) Ff:ite \/"17_7;-‘/.:00 e ™ f(s)ds for f € Li(R) N Ly(R);

(1117) f*gz/g(a)Ul(—a)fda:tM/f(tms)g(s)ds;
(1118) fxg=g=f for f g€ Li(R)NLy(R);
(1119) F(f xg) = (2m)"*(Ff)-(Fg) for f € Ly(R), g € Li{R) N Ly(R) .



Tel Aviv University, 2009 Intro to functional analysis 4

2e List of formulas

Multiplication operators:

(2e1) Qf:q—qf(q) for f e Dg;
(2e2) @ f=¢- [:9—0(q)f(q) for [ € Dygy;
(2e3) exp(ibQ) = V' (b);
(2e4) Qf = =S| V®)f for f e Do
db |,y

(2e5) EX = 10y(Q);

b
(2¢6) IED1E = (BD5.0) = [ 1@,

Operators commuting with shifts:
(2e7) P=F1QF;
(2e8) Pf:qgw —if'(q) for nice f;
(2e9) P(P)=F ' o(@Q)F : f > F - Ff);
(2e10) exp(iaP) = U(a);
(2e11) Pf = —ii Ula)f for f e Dp;
da 00
(2¢12) EY) =1 (P) = FEQ F;
b
(2¢13) 1BE f12 = (BD)f, 1) = / (FHP)P dp;
1 ibg __ iag

(2e14)  EDf= (q - %e—m%) x [ for f € Ly(R)N Ly(R).

3j List of results

3j1 Theorem. For every self-adjoint operator A there exists a unique unitary
operator U (so-called Cayley transformed of A) such that

(a) U(A+il)z = (A ~ il)z for all z € Domain(A);

(b) Range(1 — U) = Domain(A4), and A(1 — U)z = i(1 + U)z for all
T € H.

3j2 Theorem. For every unitary operator U there exists a unique positive
#-homomorphism f +— f(U) from C(T) to bounded operators, such that
IF < |||l for all f, and if V2 € T f(2) = z then f(U) = U.
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3j3 Theorem. For every self-adjoint operator A there exists a unique pos-
itive *-homomorphism f — f(A) from C(R U {o0}) to bounded operators,
such that ||f(A)]| < || /] for all £, and if Va € R f(a) = & then f(A) is the
Cayley transformed of A.

3j4 Theorem. The *-homomorphism of 3j2 has a unique extension from
C(T) to the x-algebra L(T) (spanned by all bounded semicontinuous func-
tions) satisfying

IS (I < sup |f()] for all f € L(T);

C{T—-R)3 f, 1 f€ L(T — R) implies Vz € H fo(U)z — f(U)z.

3j5 Theorem. The *-homomorphism of 3j3 has a unique extension from
C(RU {oo}) to the x-algebra L(R) (spanned by all bounded semicontinuous
functions) satisfying

17 (A < sup [£()] for all f € L(R);

CRU{co} = R)> f, T f € L(R — R) implies Vz € H fa(A)z —
f(A)z;

ifVn,a fn(a) = al_pny(a) then Vz € Domain(A) f,(A)z — Az.

3j6 Theorem. The formulas

Uy = exp(itA),

d
Az = *&E t=0Utx

establish a one-to-one correspondence between all strongly continuous one-
parameter unitary groups (U;) and all self-adjoint operators A.

3j7 Theorem. For every continuous function v : R — R bounded from below
there exists one and only one strongly continuous one-parameter unitary
group (Uy) on Ly(R) such that

Ao
1~d—tUt¢— (TR

for all twice continuously differentiable, compactly supported functions 4 :
R—C.

4e List of formulas

T is a distribution, ¢ is a test function.
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(del) (T, p) = —(T,¢') ;
(4e2) {0z, ) = o(x);

(4e3) (Lap))' = 80 — bp;
(4ed) (65)" = ofm+1);
(4e5) (607, 0) = (=1)™™) (z) ;
(4e6) Oa(a(-)) = (a™)(2)ba-1(z) -

F is the Fourier transform, “#” means convolution.

(4e7) (FT,0) = (T, Fg)
(4e8) FP=QF; PF=-FQ;

(4€9) Foy = (2m)™12. 1, Fl = (2m)%,;

(4e10) Fby 1y (2m)"H2e™i2y Fy—e™) = (2m)1/%5_,;
(4e11) Foy : x v i(21) V2, Flz — z) = i(2m)/25} ;

(4e12)  Fo™ @ () Y2, Fz = a™) = im(2r)26™ ;
(4e13)
J:é(fn) Y- lm(2’n‘) 1/2 m —n:y ]:(y -y e~—1a:_;) =™ 271_)1/25
(del14) T+d, =T,
4el5 T« 6§™ =Tt
0
(4e16) 80 % 6 = g{mn)

T )



